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Abstract. Motivated by 0, for every finite subgroup F C PSL{2,C) 
we investigate tiie fixed point subalgebra W{p)^ of the triplet vertex 
W(p), of central charge 1 — ^IeuD—^ p > 2. This part deals with the mi- 
series in the ADE classification of finite subgroups of PSL{2,C). First, 
we prove the C2-cofiniteness of the Am-&xed subalgebra W(p)^'". Then 
we construct a large family of W(p)^'"-modules, which are expected 
to be a complete set of irreps. As a strong support to our conjecture 
we prove modular invariance of (generalized) characters of the relevant 
(logarithmic) modules. Further evidence is provided by calculations in 
Zhu's algebra for m — 2. We also present a rigorous proof of the fact 
that the full automorphism group of W{p) is PSL{2, C). 

1. Introduction 

Some of the most important examples of rational vertex algebras come 
from lattice vertex algebras (e.g. Moonshine Module). More recently, many 
interesting examples of VF-algebras have been constructed either as subal- 
gebras of lattice vertex algebras or as their cosets or orbifolds. For exam- 
ple, rational vertex algebras in the conjectural c = 1 classification should 
all arise in this way (cf. |12j [lOj). When going beyond unitary theories 
(easily achieved by deforming the canonical quadratic Virasoro vector) the 
structure of lattice vertex algebra changes dramatically when viewed as a 
Virasoro algebra module, and many "symmetries" (i.e. automorphisms) are 
broken. Still, for certain values of central charge such lattice vertex algebras 
can have large interesting subalgebras. Triplet vertex algebra W{p) is one 
important example; it is constructed as a subalgebra of the rank one lattice 
vertex algebra with central charge 1 — ^^^""''^ , by taking the kernel of the 
short screening. It is no longer rational, but as shown in [5], it is C2-cofinite. 
We expect that C2-property persists in the higher rank as well [8] and for 
other vertex algebras of triplet-type |7]. 

At the end of [5], motivated by important works [H] [15] [16], it was 
pointed out that >V(p) admits a hidden action of the Lie algebra s[2(C) 
via derivations. Although this claim has not been proven, it is often as- 
sumed to be true due to considerations of quantum groups (cf [E]). Here 
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we first present a proof of this claim for completeness Q (cf. Theorem 12.31 
and Appendix). Our proof is based on the results from [5] and on an ex- 
plicit construction of an automorphism ^ of order two. Because our Lie 
algebra acts via derivations, its generators can exponentiate to PSL{2, C) 
as a group of automorphisms of W(p). Then, as we already mentioned in 
[5], to each finite subgroup T of PSL{2,C), we can now associate the orb- 
ifold subalgebra W{p)^ . The main purpose of this series of papers is to 
study the C2-cofiniteness of W{p)^ and their representations. The finite 
subgroups of PSL{2, C) are well known to follow the ADE classification 
(cf.[l3]). Up to conjugation, these are cyclic groups, dihedral groups, and 
three exceptional finite subgroups (tetrahedral, octahedral and icosahedral 
groups). Motivated by the the rational c = 1 case [9],[l0] we expect that 

Conjecture 1.1. For each T in the ADE classification, W{p)^ is C2-cofinite. 

This paper deals primarily with the case when T = A^, that is, the 
automorphism group is a finite cyclic group of order m. This case is easier 
to handle due to the fact that the oribifold algebra W{p)^ can be defined 
as a subalgebra of the orbifold subalgebra V[ , so no 5 [2(C) considerations 
are needed. After we recall several structural results on the triplet vertex 
algebra and its orbifold yV{p)^"^ we prove 

Theorem 1.2. For T of type Am, the corresponding invariant subalgebra 
W{p)^ is C2-cofinite. 

After this we move on to study structure of irreducible W(p)^'"-modules. 
Irreducible modules come in three categories: A, 11 and -R-series, coming 
from the >V(p)-modules of type A and 11 and twisted V£,-modules, respec- 
tively. We prove the following result 

Theorem 1.3. Three series of irreducible modules contribute with 2pm? ir- 
reducible yV{p)^"^ -modules. Conjecturally, these are all irreducible modules, 
up to isomorphism. 

Next, we consider the m = 2 case via Zhu's algebra A(>V(p)^'") We 
give further evidence for the above conjecture based on the properties of 
A{W{p)^^). 

Finally, in the last section, we are concerned with graded characters of 
W(p)'^'" -modules and their modular closure. As in [5], we show that the 
space of characters close under S'L(2,Z) if we include certain generalized 
characters coming from logarithmic modules. Our result in this direction is 

Theorem 1.4. The vector space generated by the characters and generalized 
characters coming from these three series is pm? -\-2p—l-dimensional. More- 
over, compared to W{p), no new generalized characters occur in VV(p)'^™. 

This modular invariance result is a strong evidence that our classification 
of irreps is complete. 



Of course, there is no action of SI2 on all of Vl, for p > 2. 
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We finish tliis introduction with a few words about a possible Kazhdan- 
Lusztig dual quantum group of W{p)^ . It is known that the abelian category 
Uq{sl2)-M.od is equivalent to the category W(p) — Mod [?]. Therefore it 
seems natural to have an embedding 

where Uq{sl2)^ is yet-to-be defined finite-dimensional quantum group, such 
that >V(p)^-Mod and Uq{sl2)^ -Mod are equivalent (as abelian categories). 
What is puzzling to us at this stage, is the meaning of the ADE classification 
on the quantum group side. 

2. The triplet vertex algebra >V(p) as a s[2(C)-module 

We begin with some preliminaries about the triplet vertex algebra W(p); 
more details can be find in [5]. Fix an integer p > 2. Let L = Za be a rank 
one lattice with a bilinear form (•, •) given by 

(a, a) = 2p, 

Let 

Vl = ^/(f)<o) ® C[L] 

be the corresponding lattice vertex operator algebra [22], where f) is the 
affinization of f) = Ca induced by the bilinear form, and C[L] is the group 
algebra of L. In Vl we choose the following conformal vector: 

a(-lf p-l , , 

w = \ ' 1 + a(-2 1. 

4p 2p ^ ' 

Thus Vl \s a, Virasoro algebra module of central charge 

Q{p-lf 

Cp = 1 . 

p 

We recall the following two results [3 HI [5] : 

Lemma 2.1. let Q = Cq : Vl ^ Vl be the screening operator and let 
n G Z>o, then Q*e~"° if and only if i < 2n. 

Set < = Q*e-"", i,ne Z>o, i < 2n. 

Lemma 2.2. Each u\ is a singular vector of Vl (as a Virasoro algebra 
module). The suhmodule generated by these is isomorphic to 

oo 

Vl = 0(2n + l)L(cp, n^p + np - n). 

n=0 

Moreover Vl is a subalgebra ofVL- 
Set the triplet vertex algebra 

W{p) = Vl. 



4 



DRAZEN ADAMOVIC, XIANZU LIN, AND ANTUN MILAS 



Let y be a vertex operator algebra and let C2{V) be the linear span of 
elements of type a-2b, a,b £ V. Then V/C2{V) has a commutative algebra 
structure with the multiplication 

a ■ b = a^ib 

where — is the projection from V to V/C2{V)- V is said to be C2-cofinite if 
V/C2{V) is finite-dimensional. 

It was proved in [5] that >V(p) is C2-cofinite but irrational. Using the 
C2-cofiniteness of W(p) and a result of [20], the first two authors proved the 
existence of logarithmic >V(p)-modules in (5l[6]. 

In the end of [5], it was announced out that W(p) admits a hidden action 
of s[2 as follows: Set e = Q, h = Let / € EndyirO^ip)) be the unique 
operator defined by 

/e""" = 0, /Q*e-"" = - 2n - l)Q^-^e-"", 1 < i < 2n. 

One checks that [h, e] = 2e, [h, f] = —2/, [e, /] = h. Thus we have 

oo 

^(P) = ^2n+i L{cp, n^p + np-n) 

n=0 

where W2n+i is a {2n + l)-dimensional irreducible s[2-module. We extend 
the action of e, /, h be letting them commute with the Virasoro generators. 

It is clear that e and h are derivation on the vertex operator algebra 
yV{p). We shall prove in Appendix that there exists an automorphism <^ G 
Aut(yV(p)) of order two of W(p) that satisfies 

(2n — iy. 

Then the operator / can be represented as 

/ = -^r-iQ^. 

Therefore / is also a derivation on W(p). Thus the Lie algebra s[2(C) acts 
on W{p) by derivations; i.e. 

(1) x{anb) = {xa)nb + an{xb) 

for all n G Z, and a,b £ yV{p) and x G 3(2. This property is known to hold 
for p = 2 by using explicit expression for /. The integration of the action of 
gives an action of PSL{2,C) on the vertex operator algebra W(p) as an 
automorphism group [5] (see [9] for the c = 1 case) . 

Theorem 2.3. The group PSL{2,C) acts on W(p) as an automorphism 
group. Moreover, 

Aut{W{p)) = P5L(2,C). 

Proof. By the above arguments, we know that PSL{2,C) is a subgroup of 
the full automorphism group Aut(>V(p)). 
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In order to prove the converse, it suffices to construct homomorphism 
Aut(W(p)) ^ PSL{2,C)- Define 



El 

2i ' 



U~ 



where = 2F±E. 



Let ^ be an automorphism of W(p). It defines an matrix [^] 



such that 

One can easy see that [^] G SO{3, C). This gives a group homomorphism: 
G : Aut(W(p)) ^ PSL{2,C) = 50(3,C). 

□ 

Remark 2.4. It is useful to point out that the automorphism group of 
Vl, with CO as earlier, is much smaller generated by the automorphisms 
exp{Xa{0)) . 

Up to conjugation, there are five classes of finite subgroups of PSL{2, C) 
(cf.|13]). As there is a natural projection PSL{2,C) — )• 5L(2,C), each 
subgroup r of PSL{2,C) can be lifted to the double covering group T in 
SL(2, C). In the following table we describe a set of generators for each finite 
subgroup of PSL{2, C) in terms of elements of SL{2, C). Let V = C'^ he the 



name 


r 


order 


r 


generators 


cyclic group 


A 


m 




(T .4) 


dihedral group 


Dm 


2m 


Dm 


(t m-' 


I) 


tetrahedral group 


T 


12 


T 






octahedron group 





24 









icosahedron group 


I 


60 


7 


(e^ \ , fe-e\ 
[0 e^)'^[e^-e^ 


£2 - £3 \ 



Table 1. Finite subgroups of PSL(2,C), (e 



5 > 



standard sfe-module. Then the 2n-th symmetric power of V is isomorphic to 
W2n+i by identifying x'y^"'"* with (2n— i)!Q*e~"". Under this identification, 
for each a G PSL{2,C), 

(2) ag^e-"- = ,^ ^ ... (ax + 6y)^(cx + 

(2n — zj! 

where ("^) is the lifting of a in SL{2,C). In the Appendix we will use 
Formula ([2]) to determine a set of generators for each yV{p)^ . 
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3. The algebra yv(p)^'" 

Consider the automorphism a = exp{Tri^^^) acting on Vl, with {a, a) = 
2p. Denote by V[, the a- fixed subalgebra of Vl- It is clear that 

y- = 0M(l)®e"'"°. 

Now we have 

(3) W{p)^"' =W{p)nV£. 

It is relatively easy to see that the invariant subalgebra W(p)'^™, as a 
Virasoro algebra module, is generated by 

itjj = (5*e""", i,neZ>o, i < 2n, m\{n-i). 

Set 

pirn) _ Q-ma^ 
p{m) ^ Q2m^-ma^ 

H = Qe-'^. 

As in the proof of Proposition 1.3 in [5], we quickly obtain the following 
result. 

Theorem 3.1. The vertex operator algebra W(p)"^™ is strongly generated 
by E^"'\F^'^\H anduj. 

For a vertex algebra V, let 'P{V) = V/C2iV) denotes the corresponding 
Zhu's Poisson C2-algebra. Let M(l) = f}<o C be the vertex operator 
algebra associated to f). Let M(l) = W{p) H M{1). We need the following 
result 



Lemma 3.2. V{M{1))) is the polynomial algebra generated by P = a{—l)l. 

Let Cp = [fj_ly-i , then 

7'(M(T))-C[x,y]/(y2-Cpx2f-i) 

with the isomorphism sending H (resp. oj) to y (resp. x). Moreover, the 
inclusion Af (1) ^ -^/(l) induces an injective homomorphism 



such that ip{Zd) = \ j3'^ and ip{H) = (^2p-iy. f^'^^~'^ ■ 



Proof. The structure of V{M{1)) can be easily deduced from the structure 
of Zhu's algebra A{M{1)) (cf. [3]). The other statements are trivial. □ 



Lemma 3.3. ^ in P(M(1)) for some n > 2. 
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Proof. Let As(xi,--- ,Xs) = Wi<^j{xi — Xj) be the Vandermonde determi- 
nant. For any /i £ 6 let 



E {h,xi, ■■■ ,Xs 



In the fohowing we abbreviate E^{h, xi, • • • , Xg) to E^{h, s), xi • • • to 
^x, and xi + • • • + X2m to ®x. Direct calculations show that 

=i2es,, • • • Res,,„S^xr^^PAllY{E, xo)E-{-a, 2m)e^" 

=Res^, ■ ■ ■ ReSa:^^XQ^"'^P{^x)-^"'PAll^E- {ma, xq)E+ {ma, xq)E- (-q, 2m)l 

2m 

=i?es., •••i?es.,,„Xo''"'^'(®x)-2-fA2^(n(l - —r'''^^)E- {ma,xo)E- {-a,2m)l. 

Assume the lemma is false. Then under the projection 
M(l)^M(l)/C2(M(l))=C[/3], 



y(FM,xo)^(™) 

=Res^, ■ ■ ■ i?es,,^Xo ''"'^(®x)-2-f A2^(rr(l - ^y-^rapym.-m.,) 

Xo 

=/32"»("^P+P-l)/(/32;o) 

for some Laurent polynomial /. 
Set /3 = 1 in the above formula we get 

e-^-^Res,, ■ ■ ■ i?es,,„Xo-2'"'^(®x)-2-f A2^(rr(l - ^)-2mp)g(ex) 

Xo 

=/(xo). 
It is easy to see that 

5(xo) = Res,, ■ ■ ■ Res,,^{m)-^^^ Af^{\{{l - ^)-2-P)e(®-) 

xq 

is also a Laurent polynomial. Then the above formula forces ^(xo) = 0, 
otherwise 

e-"^^°x-2'"'^g(xo) 

will not be a Laurent polynomial. But the Morris constant term identity 

-P+i 



21] implies that the coefficient of Xq in g{xo) is 

Res,, ■ ■ ■ Res,,^{x, ■ ■ ■ X2„.)-^"^^At (11(1 - x,)-''"^ 



2m- 1 



i=0 



{-2m + i)p\ {p-iy.{{i + i)py. 

ii \ r,-^ / (n - ^ -I- inVn^ ^ 



p — 1 J {p — 1 + ipy.pi 



This contradicts our assumption and completes the proof. □ 
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Theorem 3.4. yV(p)^'" is C2-cofinite. 

Proof. As in the proof of Theorem 2.1 in [5], we deduce from Theorem 
13.11 that the commutative algebra W{p)^'^ /C2(W{p)^"') is generated by 
^(m) _p(m) Jj and uj. Moreover 



r2 



E('^') = = 

and 



H=CpUj'^P-\ 



According to Lemma 13.31 there exists some integer n, satisfying n > 2 and 
^M^(m) in M(1)/C2(M(1)). This implies that 



jp(j^)^{m) ^ Q ^fc^ ^ + _ j„ _ 2 + n/2, a G C, a / 0) 
if n is even, or 



if 71 is odd. 

On the other hand, we have p'f^E^'^) = in >V(p)^'" /C2(>V(p)^'"). This 
implies that aJ, are also nilpotent in V (yV {p)^"') . 

Therefore, >V(p)^'"/C2(W(p)^'") is finite-dimensional. □ 

4. Towards irreducible W(p)^™-modules 

There are several clues leading to classification of irreducible modules 
for orbifold vertex algebras. Folklore meta-theorem in this direction says 
that all y*^-modules should come from ^-modules (by restrictions) and 
from 5-twisted F-modules, where g €z G. This can be made more precise 
if the category of 1/- modules is a MTC. Guided by this principle, we now 
investigate irreducible W-modules. In this part we classify such irreducible 
modules. Conjecturally, these are all irreducible modules. Support for that 
is presented in next chapters. 

4.1. Irreducible W(p)'^'"-modules: A-series. In this part we construct 
pm irreducible W(p)'^™ -modules starting from >V(p)-modules A(l),...,A(p) 
(we use notation from [5]). Recall that A(z) has lowest conformal weight 

deg(e(-^W^n = ^^-'^^^-'-'P^'^ = . = 1, 

4p 

These modules are denoted by A(l),...,A(p) in [5]. The next decomposition 
is well-known (cf. [5]): 

oo 

Hi) = 0(2?^ + l)L(Cp,i, /l,,2n+l)- 
n=0 

where the null vectors are given by QJe"""'"^*""^)"/^^, in the natural range. 
Let now m = 2k (even). 
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Consider now for j = 1, k — 1. 



= W{p)^^ ■ e"^"+~^, j = 1, k - 1 



A(z)o = W{p)^^ ■ e(*-i)"/2p 

(i-l)a 

A(i)+ = W{p)^"^ ■ Q^ig-^^+T", j = 1, - 1 

A(i)^ = • e-"^"/'+^ 

The next result comes immediately from the above decomposition 

Proposition 4.1. Let m = 2k. As Virasoro modules 
(1) 

oo m— 1 

(nm+fe)+l / • 

n=0 fc=0 

(2) 

oo m-j-1 

A(z)- = A(i)+ = 0(2n + 1) L{cp,i,hi^2inm+k)+i)- 

n=0 k=j 

oo m+j — 1 

+ 0(2n + 2) ^(Cp,l,/li,2(nm+fc)+l)- 
n=0 k=m—j 



(3) 



m— 1 



= 0(2"- + 2) ^(Cp,l, /li,2(nm+f +fc)+l)- 
n=0 k=0 

For m = 2A; + 1 (odd case) the module A{i)m does not appear in the 
decomposition. Instead we have A(f)o and j = 1, A; defined by the 

same formulas as above. 

Proposition 4.2. For m = 2k + 1 > 1, we have 
(1) 

oo m—1 

(nm+fe)+l / • 

n=0 fc=0 



oo m—j~l 
A{i)- = A(i)+ = 0(2n + 1) i(Cp,l, ^*,2(nm+fc)+l^ 
n=0 fc=j 

oo m+j—1 

+ 0(2n + 2) L(cp,i,/ii,2 (nm+A:)+l j • 

n=0 k=m—j 



As in [5] we infer 
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Theorem 4.3. A(z)^ are irreducible W^p)^'"^ -modules. In particular, the 
vertex algebra W(p)'^'" is simple. 

Proof. We first recall that A(i) is an irreducible W(p)-modules. We have 
eigenspace decomposition 

K{i) = ®j^,^±k{i)) 

with respect to the action of the automorphism a. In particular we have a 
decomposition of A(l) = W(p). Fix 7^ G A(i)^-. The we have 

A(i) = Span{i«„f : n G Z, w ^ VV'(p)}. 

But eigenvalue decomposition implies 

A(i)^. = Span{i(;„f : n £ Z, we 

meaning that A(i)^- are irreducible. □ 



4.2. Irreducible W(p)'^'"-modules: Il-series. RecalH G {1, 

n(i) =W{p)-e^^^", 

and 

n(i) = ^(2n)L(cp,i,/ii+p,2n+i)- 

n=l 

— p— 1+1 — p— 1+i 

Top component of n(i) is spanned by e ° and Qe 25 
Let first m = 2k (even). 
Consider now for j = 1, fc. Let 

n(z)T = wb)^-" • e^^°-(^-^)", j = 1, k. 



Similarly, for m = 2A; + 1 (odd case) we let n(z)^ as above. In addition, 
we define 

n(i)„, = Q2A:+lg-^"-fc" 

Proposition 4.4. Let m = 2k. As Virasoro modules 
For j = 1, .., k 

00 "m—j 
Uii)j = U{i)+ = 0(2n + 1) L(Cp,i, ft,+p,2(nm+fc)+l)- 
n=0 fc=j 

00 m+j — 1 

+ ^^(^'^ + ^) /ii+p,2(nm+fc)+l)- 
n=0 fc=m— j+1 



ADE SUBALGEBRAS OF THE TRIPLET VERTEX ALGEBRA W(p): A„-SERIES 11 

Proposition 4.5. Let m = 2k + 1. As Virasoro modules 
For j = 1, ..,k 

oo m-j 
n(i)T = n(i)+ = 0(2n + 1) L(Cp,i, /ii+p,2(nm+fc)+l)- 
n=0 k=j 

oo m+J — 1 

+ 0(2n + 2) -^(Cp,l, /ij+p,2(nm+fc)+l)- 
n=0 k=m—j+l 

oo m— 1 

n(«)m = 0(2n) I/(Cp,i,/l. 2(„^+m_J.+fc)+i). 
n=l fc=0 

As in the proof of Theorem l4.3l we easily see that n(i)^ are all irreducible. 

4.3. Irreducible >V(p)'^™-modules: twisted series. Recall a well-known 
fact. 

Lemma 4.6. Let m > 2. For j = 0, 2p — 1, i = 1, ...,m — 1, the space 
V _j_ has a a^-twisted VL-module structure. Moreover, V _j_ is an 

ordinary V^'" (and thus W {p)^'" -module) . 

We immidiately get decomposition of V into W (a) "^""-modules: 

For k = 0, ...,m — 1, we let 

R{i,j,k) := 0Af(l) e^°+('"^+')" 

From the Feigin-Fuchs classification of modules, we conclude that each sum- 
mand appearing in the decomposition is irreducible as Virasoro algebra mod- 
ule. 

Thus we get 

Corollary 4.7. Each R{i,j,k) is an irreducible yV{p)^'" -module. All to- 
gether, twisted Vi-modules yield 2pm{m — 1) irreducible W {p)^"' -modules. 

Next result will identify lowest weight vector in R{i,j,k). 

Lemma 4.8. There is a unique i £ Z such that 

— {m — l)p<i<{m-\-l)p — l and e £ R(i,j,k). 

Moreover, e is a lowest weight vector in R[i,j,k) and 
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4.4. Irreducible W(p) '"-modules: lowest weights. Irreducible mod- 
ules constructed above are of lowest weight type with respect to {L{0), H{0)). 
The list of the corresponding lowest weights can be found in the following 
tables: 

Let m = 2k. 



module M 


lowest weights 


dimM(O) 


A(i)o 




1 


A(.)+ 




1 


A«7 




1 


A(l)m 


{hi,2k+l, ( ^2p-l^')) 


2 


n(i)+ 




1 


^(^)- 




1 


R{i,j, k) 




1 



The set of lowest conformal weights is 

Sm ■■= {hi,2j+i I i = l,...,p,j = 0,...,k}U {hp+i^2j+i \ i = l,...,p, j = 1 
U \p<£<{m + l)p-l, l<i<m-l}} 

Let m = 2k + 1. 



module M 


lowest weights 


dimA/(0) 


mo 




1 






1 




{h2,+i,-{-'Xzn) 


1 


n(i)™. 


[np+i,2k+3,-[ 2p-l )) 


2 


n(z)+ 


{K^.2,^lA~'''2llV^')) 


1 


n(^)- 




1 


R{iJ,k) 


(/i^+i-*/m,i,(2;"i)) 


1 



The set of lowest conformal weights is 

Sm ■■= {hi,2j+i \ i = l,... ,p,j = 0, . . . , A; - 1} U {hp+i^2j+i \ i=l,...,p, j 
U \p<i<{m + l)p-l, l<i<m-l}} 

Number i is defined as in Lemma 14.81 

Theorem 4.9. The A, n and R families contain 2m'^p non-isomorphic ir- 
reducible W{p)'^"^ -modules. Lowest weights of irreducible modules are 

{x,y) G such that x E Sm, = CpP{x). 

The set of lowest conformal weights Sm has {m? + l)p elements. 
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Conjecture 4.10. The A, n and R families of {p)^"^ -modules provides 
a complete list of irreducible yV{p)^"^ -modules. In particular, the vertex 
operator algebra has 2m?p irreducible modules. 

5. Modules for W{p)^'^ 

In this section we shall give some evidence for the Conjecture 14.101 For 
simplicity we shall study here the case when m = 2, but similar analysis can 
be made for general m. 

Recall that is realized as a vertex subalgebra of the lattice vertex 

algebra Vl, where 

L = Za, (a, q) = 2p. 
As a vertex algebra W{p)^'^ is generated by 

= e-2", ^(2) = Q4g-2a^ ^ ^ Q^-a ^ 

and it is realized as a vertex subalgebra of the lattice vertex algebra Vz2a- 

Now we shall recall construction 8p-irreducible modules for W{p)^'^ from 
Section m First we shall start with W(p)-modules: 

A(i),...,A(p),n(i),...,n(^.). 

Recall that these modules can be constructed as follows: 
A(i) = W(p)e i = l,...,p; 



n(i) = W(p).e 2p ",i = l,...,p. 

These modules are Z2-graded and admits the following decomposition into 
W (p) -modules: 

K{i) = A(^)o A«2, m = n(i)+ n(i)r , 

where . ^ . ^ 

A(z)o = W(p)"^^eV", A(i)2 = W(p)^^eV"-", 

and 

n(i)+ = Wb)^^e^^°, n(i)^ = W(p)^^Qe^^". 
Next we have modules: 

. j'"^/2 

R{2>p-3) = W{p)^\e 2P °, j = _p,...,3p_i. 
Using parametrization from Section 2] we get 

r i2(i,2p+j,i) if -p<j < -1 

i?(3p-j) = .^ -R(l,j,0) if0<i<2p-l 
{ R{l,j-2p,l) if2p<j<3p-l 
It is easy to see that all the modules above are irreducible and inequiva- 
lent. Moreover, these modules are of lowest weight type with respect to 
{L{0),H{0)). The list of the corresponding lowest weights can be found in 
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the following table (compared to the previous tables here we used slightly 
different /i-parametrization) : 



module M 


lowest weights 


dimAf(O) 


A(^)o 


(^*,i,0) 


1 




(^.3,(-?-r)) 


2 




(/l3p-i,l, ( Ip^V)) 


1 






1 


R{3) 


ihp+l/2-j,l, C^2p-\ ^)) 


1 



Conjecture 14.101 savs that the set 

{A(i)o,A(i)2,n±(i),i?(i), l<i<p, l<j<4p} 
is a complete list of irreducible W(p)'^^ -modules. 

5.1. Zhu's algebra for W{p)'^^. We shall present certain results and con- 
jectures for Zhu's algebra for W(p)^^. By believe that similar results hold 
for general m, but in the case m = 2 it is easier to verify these conjectures by 
using computational software (e.g. Mathematica/Maple). We shall apply 
methods developed in [5], [6]. We omit some details which are explained in 
our previous papers. 

Zhu's algebra A(W{p)^^) is generated by 

Denote H^^^ = Q2e-2a^^(2) ^ e-2a^^(2) ^ Q4g-2a Consider 
We have 

= Q4(^(2)^^(2))^^(2)^^(2)^^(2)^^(2) 

= i5;(2) o + o + 6i/(2) o /f(2) _ 4/^(2) „ //(2) 

+4Q((Q2e-2a o Qe~2a ^ gg-2a ^ Q2g-2a) 
= ^(2) o ^(2) + ^(2) ^ ^(2) ^ 2//(2) o 

+4Q2(Qe-2a„gg-2a)_ 

Lemma 5.1. 

Q2(Qe-2" o G 0(M(T)). 

Proof. One can easily see that 

[Q2(Qe-2° o Qe-2°)] = F([a;]) * 
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for certain polynomial deg F <2>p — 1. But by construction 

so it should act trivially on top components of W(p)"^^-modules. So we 
should choose W(p)"^2-modules on whose top components ^^(^^(O) does not 
act trivially. In particular we have: 

F{K?>) = 0>^(^3p+i/2-j,i) = 0, i = l,...,p, j = l,...,2p. 

Therefore, we have constructed 3p zeros of polynomial F. This forces F = 0. 
The proof follows. □ 

Lemma implies: 

S(2) o + F(2) o ^ _2i7(2) o ^(2) _ 4Q2(gg-2a ^ ^^^2^) ^ 0(M{T)). 

Next we notice; 

^(2) ^ ^(2) _ ^(2) ^ ^(2) ^ [/(yi^)Qe-" + [/(yzr)Q=^e-3°. 



Then by using the structure of Zhu's algebra for M(l) [6], we get 

(2) [^(2) Q ^{2)j ^ ^ ^^Q^j) g ^(M(l)), for certain /i G C[2;], 
and 

This yields 

P 2p 

(3) [H] * ^(M - /l3p-i,l))(M - ^.,3) - /i3p+l/2-i,l) * KM) = 

i=l j=l 

where s{x) is a certain polynomial of degree (at most) p — 1. This follows 
from the evaluation of relation Q on lowest components of W(p)'^^ -modules 
constructed earlier. 

Next we notice that ^(F(2)*F(2)-F(2)*f(2)) = _(f(2)*F(2)-F(2)*£;(2)) 
which implies that 

^(2) ^ ^(2) _ ^(2) ^ ^(2) ^ u{Vir)Qe-''. 

By using the fact that £''^^-'(0) and F^'^\0) commute on lowest components 
of modules n(i)^ and R{j) we get the following formula: 

(4) [[F(2)], = [F(2)] * - [F(2)] * [F(2)] 

P 2p 

= * n(M - ^3p-^,i)) n(N - ^3p+i/2-,,i) * KM) 
i=i j=i 

for certain polynomial r{x) of degree (at most) 2p — 2. 

Remark 5.2. Since E^'^\0) , F(2)(0) andH{0) acts non-trivially on}V{p)^^ - 
modules A(i)2, we ^ei i/iai polynomial r{x) is non-trivial. 
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Since 

[^oF(2)]=/2([^])*[F(2)] 

for certain polynomial /2, deg/2 = p, by evaluating this relation on lowest 
components of modules A(z)~, we get that 



f2{x)=Ki{x) ^(X) =n(^-^*,3)- 



i=l 



Non-triviality of the constant K can be obtained by the following constant 
term identity: 



Conjecture 5.3. Let u = e " o Q'^e ^" G M(l). Then u{0) acts on highest 
weight vector vx of the M{l)-module M(l, A) as follows 

u{Q)vx = Resz,zi,z2,z3 



z'2+'2p{ziZ2Z3)^P 

Since 

w = 3/2Q^{H o f(2)) g A(M(T)), 

the above conjecture implies non-triviality of constant K. 

So assume that above conjecture holds. (We verified this conjecture using 
Mathematica up to p < 10.) Then 

(5) £(M) * = 0, i{x) = fl{x-h,,s). 

i=l 

Similarly, 

£(M) * [^(2)] ^ 0. 

Remark 5.4. Assume that polynomials r{x) and s{x) are relatively prime. 
Then relations (O^-lEP will imply that [H] * h{[uj]) =0 where 

K^) = - h2,p-i,l){x - hi^s) Ylix- /l3p+l/2-j,l) = 0. 

i=i j=i 



in Zhu's algebra A(W{p)'^^). This will prove Conjecture \4-10 



In what follows, we will see that Conjecture \4.1(J\ holds for p < 5. Similar 
calculations can be made by computer for small values of p. We checked this 
conjecture up to p = 10. 

By using Mathematica/Maple we get a list of polynomials s(x) and r(x) 
for p < 5 is (up to a scalar factor): 
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p 


s[x) 


r{x) 


2 


17x + 28 


42 - 252 + 102;^ 


3 


6006 + 937a; + 9322;^ 


60060 - 471232 + 158972^' - 25202"" + 
+3362* 


4 


1312740 - 88092; + 817582^ + 259522;^ 


5168913750 - 45486461252 + 17274383502^ - 3600263922-^ 
+456862562'* - 33510402^ + 2252802'^ 


5 


3480248772 - 3091560032 + 118443661x^ 
+243029202^ + 64276002-* 


63145633719168 - 592164279677882 + 245201674537532^ 
-58553731704782^ + 8906537630252* - 894864308002^ 
+60529560002'^ - 2558400002^' + 104000002** 



They are relatively prime. 
Conjecture 5.5. 

(i) Zhu's algebra A{yV{p)^^) is generated by [uj], [H], [E^'^^, F^'^'^] which satisfy 
the following relations: 



2p-l 



1=1 

(ii) The center of Zhu's algebra A(W{p)^^) is isomorphic to 

C[x]/{g2A^)) 

where {g2,p{x)) is the principal ideal generated by polynomial 
3p— 1 p 2p 

ff2,p(x) = JJ (M - - K^) Wi\^] - ^3p+l/2-i,l)- 

1=1 i=l 2=1 

(iii) Dimension of A{yV{p)'^'^) is 12p — 1. 

Remark 5.6. From this conjecture will follow that yV{p)^^ does not have 
"new" logarithmic modules, only logarithmic modules which are obtained 
by restriction of logarithmic modules for W{p) (cf. We believe that 

similar statement holds for general m. More evidence for this statement will 
be presented in Section\^ 

In the simplest case p = 2, we get relations 



(6) 



[//]*(M-3)(M-f)([a;]-l)(M-|) 

(M - i)(M - i)(M - i)(M + i)(i7M + 28) = 0. 



(7) 



[s(^)],[F(2)]] = ^[i7]*([^]-l)(M 



{[00] - - i)(H - ^)(42 - 25M + lOM^) 



By combining ([5]) and ([7]) we get 
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[H] * {[oo] - 3){[co] - mm - m^: 



(8) 



(M-i)(M-i)(M-i)(M + i)(42 



25[uj] + 10[a;]2) = 0. 



Now ([6]) and ([8]) implies that 



[i7]*(M-3)(M-f)(M-i)(M-|) 
(9) (M - i)(M - i)(N - i)(M + i) = 0. 

Proposition 5.7. Conjectures \4-l^ o-nd 15.51 /lo/ds /or m = 2 and p small 
(p < W). 

Let us describe the structure of algebra P(>V(p)^'") = >V(p)^™/C2(W(p)^™) 
in the case m = p = 2. It is generated by E('^\ F^'^\ H,U. The following 
relations holds: 



^ ^(2)' = ^{2)2 ^ 

= vuj^, ^(2)F(2) G P(M(T)) 

cj^F = cj^:^ = ufW) = 0. 

Remark 5.8. We believe that there are no further relations and therefore 
dim 7^(^(2)^2) = 25. So W(2)^2 is (most likely) new example of vertex 
operator algebra such that dim'P(V) > dimA(y). 



6. Irreducible characters 

In this section we compute the SL{2, Z)-closure of the character of W(p)"^" 
Set 



Define 



2k 



r/(r) ^ fcr?(r) 

and 

:= 4-E(2n),^'("+4)^ = (-A)e.,.(r) + (a9).,.(r) _ 
Observe the relations 
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Q~x,k{r) = -Q\,k{T), 



(10) Q2k+x,kir) = Qx,k{r) - 2 



?7(r)' 



By using decomposition of yV{p)^"' into irreducible Virasoro modules we 
obtain 

chy^^p)Am (r ) 



' n>0 n=l 
1 °° 

n>0 n=l 



P(™n-(m-2)-J^)2, 



n>0 n=l 



The first and the last term combine into (after the substitution n i— )■ — n 
in the last term) 

-^ Y.^2n+l)q^-'^-^& = -L^ j;(2n+l)/-'('^+^)' =P„,_,,^.(r) 

Similarly, we combine the remaining terms and obtain 

Theorem 6.1. (Characters of K{i)^ ) Fori = l,...,p 
(11) 

chA(i)o (''") ~ -fm(p-i),pm2 (■'") + ■ " ■+^m(p—'t)+2pm,pm2 (''") + ■ " "^Pm{[p-i)+2p{m—l)),pm?{'^')- 

In particular, 

chyy(p)A„ (r ) = Pm(p-l),pm? ("^ )+^m(3p-l),pm2 ("^ )H ^Pm(2p(m-l)+(p-l)),pm? ('^) 

For j = 1, ...,k - 1, 

*^l^A(i)^ (''') P2pm'j+mi,prrfiij'^ + ' ' ' + Pmi+2pm{rn—2) jpm? ij'') 
~^Qmi—2pm,pm?iT) + " " " + Qmi+2pm(j — l),pm'^{'^) 
(12) ch^^j^^ (t) Qmi—pm'^,pm^{'^) ~l~ ' ' ' + Qmi+pm"^ —2pm,pm'^{''') ■ 

The next lemma follows easily by looking at q^-expansion 
Lemma 6.2. 

— ^ dQsrn+2pj,pm?{T) = dQs,p{T) 



j=0 
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By using this lemma and formula ([TO]) . we see that 



(1"^) "l~ Qmi—2pm,pm?{'^) + ' ' ' + Qmi+2pm(j—l),pm'^ {''')■> 

can be rewritten as 

for some choice of constants Aj and ^. 

Theorem 6.3. (Characters ofIl{i)^) For i = l,...,p 

(14) chn(j)„(T) = Q(^p-2m~i)m,pm? + • • • + Q {p{m-l)-i)m.,pm? 

*^-'^n(i)^ (''') -^{2pj—i)m,pm? ~l~ ' ' ' ~l" P[2p{m—j)—i)m,pm? 

(15) "l~ Q(2p—2pj—i)m,pm? + ' ' " + Q (2pj--2p—i)m,pm? ■ 

Theorem 6.4. (Characters of R{i, j,k)) We have 

chH(M»W = Z77yL^ ^^^^^ ' 

which also equals 

®'m{p—l—j—2kp)+i,m^p 
7]{t) 

Due to symmetry, we have 

chR(ij,fc)(r) = ch^(^_j2p-j-i,m-fc) (''")■ 

We also have 

^X+2m'^p,m^p ^X,mp'^ ^—\,mp^ ^2m'^p~X,mp^ ■ 

Consider now the span of all twisted characters. By choosing i,j and k 
in the given range we conclude that this space is spanned by 

6 2 
7?(t) 

where i is not divisible by m. The total space of such characters is m?p—mp- 
dimensional. 

Theorem 6.5. The modular closure of irreducible modules A, IT and R 
families (conjecturally all irreducible modules) is m'^p + 2p — 1-dimensional 
spanned by 

ry(r) 

where i = 0, ...,pm? , 

dQi,p{T) 
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where i = 1, — I, and 
where i = 1, ■■■,p — 1. 

Proof. We have already seen that each character of A and IT type modules 
are expressible in terms of ^ and ^^^j^, i = 1, ...,p — 1. But we 

already know that the space of characters for the triplet vertex operator 

©' (t) r0' (r) 

algebra W{p) includes ^'^'"^^ and — , so they must be included in the 

SL{2, Z) closure of W{p)^'" . To finish the proof we only have to argue that 
each 

r?(r) 

is included in the closure, actually we will show that it lies in the span of 
irreducible characters. If i is not divisible by m this follows from considera- 
tion of twisted modules preceding the theorem. If j is divisible by m, then 
we observe that 



But the right hand side (when divided by ?/(t)), is a sum of characters of 
irreducible W(p)'^'"-modules. Finally, we use the well-known fact that the 
span of 0j (r) je pm^ + 1-dimensional. 

□ 

Based on the m = 2 case and known irreducible yy(p)'^'" -modules we 
expect 

Conjecture 6.6. 

(1) There are 2m?p irreducible yV [p)^"' -modules up to isomorphism. 

(2) The space of one-point functions on the torus is m?'p-\-2p— 1-dimensional. 

7. Appendix: A construction of the automorphism ^ of W{p) 
Define the following singular vectors in W(p): 



V. 



± 

n,i 



(2n - i)!Q*e-"" ± (-l)Mg2"-ie-"" 



where n G N, i = 0, . . . , n. 

Let (v^j) denotes the irreducible Virasoro submodule generated by v^^. 
Define the following Z2-graduation on W(p): 

oo n 

= ©©«.) 

n=0 i=0 
oo n 



n=0 1=0 
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Clearly, 

W{p) = W(p)+0W(p)-. 
Let $ G End(>V(p)) such that 

^lw{p)± = 

Let H = Qe-", U~ = v^^^ = 2F-E,U+ = 2F + E. 
Note that >V(p) is strongly generated by u},H,U^, and that ui,U^ G 
W{p)+ and G 

Proposition 7.1. <1> is an automorphism ofW{p): 

$ G Aut{W{p)). 
Proof. It suffices to check that the generators satisfy: 

HjW{pf C W(p)^,[/+W(p)^ C W{pf, UrW{p)^ C 
for every j G Z. This will follow from Lemmas 17.21 17.31 and 17.41 below. □ 

7.1. Some lemmas. 
Lemma 7.2. Let j G Z. Then 

Proof. First we notice that 

FjQV-"" = Q^Hje-'''') - iQ'-\Eje-''''), 

/fjQ2"-*e-"" = Q2n-»(/7je-"") - (2n - i)Q2«-i-i(^^.e-"°). 
Let tij G U{Vir), i = —1, 0, 1 such that 

Let Ui', i = 0,1 such that 

Now we shall find relations between uj' and Ui. 
By applying on the previous relation we get: 

^'Q'^e-"" + ^^Q"+ie-('^+i)" 

Since HjQ^e~^°' does not contain component inside (Q^e""") (cf. [1]) we 
conclude 

uq Q e = nuoQ e 

This proves that 

VQ'e-"° = nu^g^e-'^" i = 0, . . . , 2n. 
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Similarly, 

This implies 

ul'Q^e-('^+i)° = (2?i + l)urg*e-("+i)'^ i = 0, . . . , 2?! + 2. 
We get: 

= nZI ((-i)(2n - i)!Q^-^e-("-i)" ± (-l)^i!(-(2n - i))g2"-^-ie-(" 
+ u^{n - i) ((2n - i)!Q^e-"" ^ (-l)*i!Q2"-ie-"°) 
+ uT f (2n + 1 - i)!Q^+ie-("+i)" ± + 



= -(2n - i)i u_i + {n-i) uq v^^^ + m 

The Lemma holds. 

□ 



Lemma 7.3. Let j £ Z. Then 
Proof. First we notice that 



71+1,4+2)- 



(2n-z)(2n-i-l) 2n-i-2F ^-na 

H ^ V ^je- 

As in the previous Lemma, we define Wi,Ui ,Wi' by 

By the proof of Lemma 17.21 we get: 

Iir'g^e-("+^)" = (2n + l)ur Q^e-("+^)°, 
«r"Q^e-("+^)" = (2n + l)(n + l)nrQ^e-("+^)". 

Now we have 

(16) = 

(17) 2(2n - f)!eT"Q^e-"" ± (-l)*i!^jQ2n-ig-na 

(18) +(2n - i)!^jQ^e~"" ± 2(-l)^i!e-°Q2n-ig-na_ 
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By direct calculation we see that the expression (jlTD is equal to 

i{i - l)nrT (^(2n - i)!Q^-2e-("-^)" ± - 2)!Q2"-ie-("-i)«^ + 

-m ((2n + 1 - i)!Q*-ie-"" ± - l)!Q2"+^-^e-"°) + 

W ((2n + 2 - i)!Q^e-("+^)" ± (-l)^i!Q2"+2-ie-n"^ + 

i(i - l)nrT-i;±_i ._2 - i_i + ^^^^n+i,i- 
Similarly, the expression (|18p is equal to 

(^(2n - i)(2n - i - l)uZ^ v^_^^i - (2n - i)u^ uj^+i + uT^'^+i^i+s) ■ 

The Lemma holds. □ 

The proof of the following Lemma is completely analogous to the previous 
case. 

Lemma 7.4. Let j ^"L. Then 
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